Abstract-Any unconstrained information inequality in three or fewer random variables can be written as a linear combination of instances of Shannon's inequality I(A; B|C) ≥ 0. Such inequalities are sometimes referred to as "Shannon" inequalities. In 1998, Zhang and Yeung gave the first example of a "nonShannon" information inequality in four variables. Their technique was to add two auxiliary variables with special properties and then apply Shannon inequalities to the enlarged list. Here we will show that the Zhang-Yeung inequality can actually be derived from just one auxiliary variable. Then we use their same basic technique of adding auxiliary variables to give many other non-Shannon inequalities in four variables. Our list includes the inequalities found by Xu, Wang, and Sun, but it is by no means exhaustive. Furthermore, some of the inequalities obtained may be superseded by stronger inequalities that have yet to be found. Indeed, we show that the Zhang-Yeung inequality is one of those that is superseded. We also present several infinite families of inequalities. This list includes some, but not all of the infinite families found by Matus. Then we will give a description of what additional information these inequalities tell us about entropy space. This will include a conjecture on the maximum possible failure of Ingleton's inequality. Finally, we will present an application of non-Shannon inequalities to network coding. We will demonstrate how these inequalities are useful in finding bounds on the information that can flow through a particular network called the Vamos network.
I. INTRODUCTION
For collections A, B, and C of jointly related discrete random variables, denote the entropy of A by H(A) := a∈A −p(a) log 2 (p(a)), 1 Key words: Entropy, Information Inequalities. 2 Mathematical Reviews: 26A12. 
I(A; B|C) := H(AC) + H(BC) − H(C) − H(ABC).
The basic inequalities H(A) ≥ 0, H(A|B) ≥ 0, and I(A; B) ≥ 0 were originally proved in 1948 by Shannon [9] and can all be obtained as special cases (e.g. see [11] ) of the inequality I(A; B|C) ≥ 0.
For example, letting C be a trivial random variable with just one element, we obtain 
I(A; B|C) = H(AC) + H(BC) − H(C) − H(ABC)
holds for any random variables A, B, C, since each of the terms separately is at least zero. Applying the definitions, this can be rewritten as
≤ H(AC) + H(BC) − H(ABC) − H(C) (4) +2H(A) + 2H(C) − 2H(AC).
Canceling and rearranging the terms gives us
≤ H(BC) − H(ABC) + H(C) (5) +2H(A) − H(AC).
If we now permute the variables A → B, B → C, C → A then this becomes
≤ H(AC) − H(ABC) + H(A) (6) +2H(B) − H(AB).
Throughout our discussion, we will identify inequalities that can be derived from each other using definitions, basic algebraic manipulation, and rearrangement of the variables. Thus, the inequalities (3), (4), (5), (6) are really just different forms of the same inequality.
Since all conditional entropies and all conditional mutual informations can be written as linear combinations of joint entropies, we give the following definition.
Definition 1: Let n be a positive integer, and let S 1 , . . . , S k be subsets of {1, . . . , n}. Let α i ∈ R for 1 ≤ i ≤ k. An inequality of the form
is called an information inequality if it holds for all jointly distributed random variables A 1 , . . . A n . The textbook [11] refers to information inequalities as "the laws of information theory". As an example, taking p = 2, S 1 = {1}, S 2 = {2}, S 3 = ∅, S 4 = {1, 2}, α 1 = α 2 = 1, and α 4 = −1, one obtains H(A 1 ) + H(A 2 ) − H(A 1 , A 2 ) ≥ 0, which is an information inequality since it is always true (this can be more succinctly expressed as I(A 1 ; A 2 ) ≥ 0).
Information inequalities that can be derived by adding special cases of Shannon's original inequality will be given a special designation bearing his name.
Definition 2: A Shannon information inequality is any information inequality of the form
where each α i ≥ 0. Any information inequality that cannot be expressed in the form (7) will be called a non-Shannon information inequality. It is known [11, p. 308 ] that all information inequalities containing three or fewer random variables are Shannon inequalities.
These were the only known types of information inequalities until Zhang and Yeung in 1998 published a "non-Shannon" information inequality [15] [11, Theorem 14.7 on p.310] .
Theorem 1 (Zhang-Yeung Theorem) : The following is a 4-variable non-Shannon information inequality:
2I(C; D) ≤ I(A; B)+I(A; C, D)+3I(C; D|A)+I(C; D|B).
There are two parts to Theorem 1. The first part claims that the inequality is valid, and the other part claims that it is non-Shannon. To prove this inequality is valid, Zhang and Yeung added two auxiliary variables and then applied Shannon inequalities to the enlarged list of variables. This technique of adding auxiliary variables will be encapsulated by the Copy Lemma 2 given in Section II below. We will then give a new proof of the first part of the Zhang-Yeung theorem in Section III. Unlike the original proof, this proof requires only one auxiliary variable. The second part of Theorem 1 can be proved using the Information Theory Inequality Prover (ITIP)(see [12] ), which is a MATLAB [7] program for verifying testing whether an inequality is a Shannon inequality. It was written and made freely available by Yeung and Yan. Since the seminal work [15] , many other non-Shannon iformation inequalities have been found. See for example, Lněnička [5] . Makarychev, Makarychev, Romashchenko, and Vereshchagin [6] , Zhang [13] , Zhang and Yeung [14] , Dougherty, Freiling, and Zeger [2] , and Matus [8] .
In this paper we will give the results of a systematic search for additional four-variable non-Shannon inequalities using the same basic technique of Zhang and Yeung, as given in the Copy Lemma. In Section IV with a will present the general methodology that was used for this search. The depth of the search is measured by how many auxiliary variables were used and how many instances of the Copy Lemma were used. Ignoring inequalities that can be derived from others by a permutation of the variables, it turns out that the Zhang-Yeung inequality is the only one that can be derived from just one auxiliary variable.
In Section V we exhaustively search for all inequalities that can be derived from just two auxiliary variables. The result of this search (after weeding out redundant inequalities that can be deduced from the others) is the list of six two-copy-variable inequalities that appear in [2] .
As the list of inequalities grows, it turns out that some of the earlier inequalities are no longer needed. To see if an inequality is still necessary, we temporarily remove it from the list and perform a linear program to see if the inequality in question can fail when all of the others are satisfied. If not, then it has been "superseded" by the others and is trimmed from the list permanently. The Zhang-Yeung inequality is an example of one that has been superseded. Sharing the fate of the ZhangYeung inequality, each of the six inequalities from Section V has also been superseded.
Next, we exhaustively searched for all inequalities that can be derived using three auxiliary variables. These are split into two sections. In Section VI we present those that only require two instances of the Copy Lemma, and in Section VII we give those that require three instances of the Copy Lemma. In both of these sections, we list only the inequalities that have not yet been superseded. We also give a computer generated proof of each one. To save space, the first few proofs are given in detail while the latter proofs are abbreviated.
At this point, we were reaching the limit of what could be feasibly done with the resources available. To speed things up, the use of the ITIP program was eventually replaced with a faster C-program. We began searching for inequalities using four variables and only three instances of the Copy Lemma. This search eventually finished; it took an estimated 50-100 CPU-years to complete. We were not able to complete the entire exhaust over four auxiliary variables. We estimate that this search would take about 70 times longer. Our final list of inequalities appears in Section VIII. To save space, rather than giving the proof of each one, we provide the sequence of copy steps used in the proof.
The first two infinite families of non-Shannon inequalities were found by Matus [8] . Each of these families is given in list form, indexed by the positive integers. The first list was used by Matus to prove the fundamental fact that no finite collection of linear inequalities will ever be able to describe the entropy space completely. In Section IX we also look at entire classes of inequalities. These will be presented as rules, which allow us to automatically generate new inequalities from old ones. These rules can also be iterated leading to uncountable collections of information inequalities. These rules can also be used to generate many individual lists of inequalities. As an example, we will show how to derive the first list of Matus from these rules. Matus' second list, however, was not uncovered by this process.
Additional information inequalities and a third infinite list have been discovered by Xu-Wang-Sun [10] . In Section X we will show how to derive stronger versions of their inequalities from the list in Section VII and from the inequality rules of Section IX.
In Section XI we will summarize what we have learned about the structure of entropy space. We will give some volume computations showing that, in fact, these inequalities do not seem to be closing the gap between the space satisfying the Shannon inequalities and the space of known entropic vectors. We present a certain probability distribution with just four atoms, that we believe gives the maximum possible failure of Ingleton's inequality. We conclude that some new techniques will likely be necessary in order to settle this "fouratom" conjecture.
The Zhang-Yeung inequality has recently been applied to network coding to demonstrate that Shannon information inequalities are in general insufficient for computing the coding capacity of a network (see [3] and [1] ). In Section XII we will apply our list of inequalities to improve the information theoretic upper bound for the coding capacity of a simple network called the Vamos network.
II. COPY LEMMAS
There is only one known basic technique for coming up with new information inequalities.
1) Start with a set of arbitrary random variables. 2) Add auxiliary random variables with special properties. 3) Apply known information inequalities to the enlarged set of random variables.
In this section, we will present the methods for obtaining the auxiliary variables. These are encapsulated in the following lemma, which is essentially due to Zhang and Yeung.
= H(AB)

Therefore, H(ABCDR) = H(ABCD)+H(ABC)−H(AB)
as desired.
III. THE ZHANG-YEUNG INEQUALITY
Zhang and Yeung were the first to discover non-Shannon inequalities. Their original version of the inequality took the following form.
2I(C; D) ≤ I(A; B)+ I(A; CD)+ 3I(C; D|A)+ I(C; D|B).
Their proof used two copy lemmas. Here we give a proof that is not necessarily shorter, but it uses only one copy. We will show below that the Zhang-Yeung inequality is the only inequality that results from one instance of the copy lemma.
We will write down the proof twice. The first proof makes it easier for the reader to see at a glance, how the inequality is achieved by applying Shannon inequalities after adding an auxiliary variable. However, it also takes longer to check it for accuracy since it requires tedious expansions of conditional informations into entropies. The second proof is easier to check for accuracy, but harder to get the general idea of the proof. Future proofs will be given only the first way.
We also write the inequality in a different, but equivalent form. This is so it will match the pattern of the other inequalities that we have found. The equivalence of the two forms can be seen by swapping C ↔ A, B ↔ D and rewriting in terms of entropies.
Theorem 3 (Zhang-Yeung Inequality) 
Each of the terms marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 5-variable Shannon-type inequality. By the Copy Lemma we may choose R to be a D-copy of C over AB. Then, the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1). In order to read the second proof, it will be convenient to review some basic properties of entropies. Each of these can be verified by rewriting in terms of entropies, and applying Shannon's inequality (2), if necessary.
) I(A; B|CD) ≤ I(A; B|C) ≤ I(AD; B|C) (12) It will also be convenient to note that property (C2) can be rewritten as
By combining this with (10) and (12) it follows that I(A; C|B) = I(AR; C|B)
and I(B; R|A) = I(BD; R|A).
Proof: (B) Let R be a D-copy of C over (A, B). Then: 
Finally, 2I(A; B|C)+I(A; C|B)+I(B; C|A)
IV. SEARCH METHODOLOGY
In this section we will describe the search method used to generate new inequalities.
We assume that we have a present list of known inequalities. For example, at the start, this list is just the Shannon inequalities. We consider the set of vectors, listed in the order Each of these codes up an instance of the Copy Lemma of the form "R is an X-copy of Y over Z". The first column is just an index and is irrelevant. The second and third columns code the Y and Z respectively. These variables are coded in binary, combining 1 = A, 2 = B, 4 = C, 8 = D. So the line labeled by 27 gives us that Y is D and Z is ABC, while the line labeled 36 gives us that Y is CD and Z is AB. The variable X can be deduced from the other two. For each of the variables A, B, C, D, if it does not appear in Z and is not equal to Y then it is included in X. Then the above reads as:
27
R is a copy of D over ABC
36
R is a CD-copy of (CD) over AB 39 R is a BCD-copy of (BCD) over A
63
R is a D-copy of C over AB 66 R is a BCD-copy of (BC) over A
75
R is a CD-copy of B over A (Some possibilities were elimintated in advance: a last copy over no variables can never produce any new inequalities, and we may assume that no variable appears in both Y and Z.) Now go through a full search, testing each of the copy specifications against all of the extreme rays (including all symmetric forms) to see whether any contradictions are obtained. In the current example, the results of the run are: The 'PASSED' entries are those copy specifications which did not contradict any of the extreme rays. The remaining copy specification, "R is a D-copy of C over AB", was incompatible with the extreme ray 2 2 3 2 3 3 4 2 4 3 4 3 4 4 4 (and possibly with others; the search stops for a given copy specification when one extreme ray fails). In other words, the equations forcing an entropy vector to lie on this extreme ray, namely
together with the copy specification requirements coming from the Copy Lemma, when R is a D-copy of C over AB,
and the Shannon inequalities, force all of the entropies to be 0. ¿From this one can generate a new inequality. The software has already gone through this process to produce the inequality
To explain this process in more detail, here is how one could arrive at the same inequality using a program called ITIP [12] . ITIP is a MATLAB [7] program for testing Shannon inequalitites. It was written in made available by Raymond Yeung and Ying-On Yan. One feeds ITIP an entropy inequality followed by a list of linear constraints. ITIP returns "True" if the inequality follows from the constraints and the Shannon inequalities. Otherwise it returns "Not provable by ITIP".
Start with:
Note that each inequality and each constraint is contained in single quotes, and they are separated by commas. The ellipses at the end of each line is part of the MATLAB syntax and merely denotes that the command is continued on the next line.
This first run of ITIP merely justifies what has already been claimed, namely that ITIP can prove H(ABCD) <= 0 from equations (17) to (35).
Next, we test (by trial and error) whether some of these constraint equations can be eliminated. We find that, in this case, equations (17), (24), (27), (29) are not necessary. The inquiry to ITIP looks like:
Next, one can eliminate each equation constraint by adding an appropriate multiple of it (determined perhaps by trial and error; we modified ITIP to output some additional information that would be helpful for this) to the right-hand side of the inequality. For example, for the first remaining constraint (18), we first try using a multiple of zero:
This of course fails since it was already determined that this equation was necessary. Then we gradually raise the multiple until we get a success. Thus,
We repeat this for the next equation, finding
After passing through all of the equations not involving R, we get:
Note that brackets are used to enclose the first inequality when it does not fit on a single line. Thus ITIP gives a proof of a new inequality under the copy conditions. We collect like terms and divide through by the common divisor, 4, to get:
For the last step, we see if this inequality can be strengthened by adding one or more Shannon terms to the right-hand side. This final inequality simplifies to the form Also, one can do further ITIP work to extract an intelligible proof of this inequality from the Copy Lemma.
Once one has this inequality, one can produce a new list of extreme rays up to symmetry: 
336455645565666
A test of this list against the remaining one-variable copy specifications shows that there are no further contradictions -the Zhang-Yeung inequality is all that one can get using one copy variable.
To get more inequalities, we try using two copy variables but just one copy step. Then RS is a W -copy of (X)(Y ) over Z. As before, the first column is an index and is irrelevant. The variables X, Y , and Z are coded by the second, third, and fourth columns respectively. The variable W is deduced from the others by including any of A, B, C, D which do not appear in Z and are not equal to X or Y . Thus, the above translates as:
RS is a copy of CD over AB RS is a BCD-copy of (BC)(BD) over A RS is a BC-copy of (BC)D over A RS is a CD-copy of B(CD) over A [redundant] RS is a D-copy of BC over A It turns out that these also do not give any more than the Zhang-Yeung inequality. For two copy variables in two steps, there is a much longer list of possibilities (753 of them). A first pass against the Shannon extreme rays reduces this list to 198, and then a run against the Zhang-Yeung extreme rays shows that only 15 of the copy specifications give contradictions (new inequalities):
-- 4 4 5 3 5 5 6 2 5 6 6 4 6 6 6 Inequality: -7 -2 8 -4 9 5 -9 0 3 -2 0 3 -4 0 0 4636 4 3 1 28 R is a D-copy of C over AB S is a B-copy of A over CDR -- 4 2 5 3 5 4 6 4 5 6 6 5 6 6 6 Inequality: -7 -1 7 -4 9 5 -9 - One can now continue the iteration, adding these new inequalities to the known list, producing a new set of extreme rays, re-running them against the 15 remaining copy specifications, and repeating until no contradictions remain. The result (after weeding out redundant inequalities that can be deduced from the others) is the list of six two-copy-variable inequalities given in our previous paper.
V. INEQUALITIES USING TWO COPIES
In our conference paper, we gave six additional inequalities that used two copy lemmas to prove. For this article, we will rewrite these inequalities in a different form that matches our other inequalities. We summarize as follows: 2I(A; B) ≤ aI(A; B|C) + bI(A; C|B) + cI(B; C|A) + dI(A; B|D) + eI(A; D|B) + f I(B; D|A)
for each of the follwing values of (a, b, c, d, e, f, g).
(a, b, c, d, e, f, g) = (5, 3, 1, 2, 0, 0, 2) (37) (a, b, c, d, e, f, g) = (4, 2, 1, 3, 1, 0, 2) (38) (a, b, c, d, e, f, g) = (4, 4, 1, 2, 1, 1, 2) (39) (a, b, c, d, e, f, g) = (3, 3, 3, 2, 0, 0, 2) (40) (a, b, c, d, e, f, g) = (3, 4, 2, 3, 1, 0, 2) (
These are the only additional inequalities that are obtained from this technique using two copy lemmas. As it turns out, all of these inequalities except for (38) have since been superseded by other inequalities. We give here a proof only for (38).
Lemma 4:
The following is a 5-variable information inequality: 
Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative by Shannon's inequality (2) . Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 6-variable Shannontype inequality. By the Copy Lemma, we may choose the random variable S such that S is a BC-copy of R over AD. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
Theorem 5:
The following is a 4-variable information inequality: 
The expression enclosed in brackets "[]" immediately before the "=" sign and marked with (L) is nonnegative by Lemma 4. Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 5-variable Shannon-type inequality. By the Copy Lemma, we may choose R such that R is a D-copy of C over AB. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
VI. INEQUALITIES USING THREE COPY VARIABLES WITH AT MOST TWO COPY STEPS
In this section and the next we will present all of the information inequalities that can be proved from this technique using three copies. Some of these inequalities have been superseded by other inequalities, and won't be listed here. In this section we will concentrate on those that involve only two instances of the Copy Lemma. We will start out by giving the proof of the first inequality in full detail. The proofs are all very similar. Therefore, in order to save space, as we go further down the list we will gradually take shortcuts, eventually giving only abbreviated proofs. However, enough detail will given in these outlines so that the full proofs can be reconstructed. for each of the following values of (a, b, c, d, e, f, g, h, i) . (3, 4, 4, 4, 3, 1, 1, 3, 0) (43) (3, 9, 6, 1, 3, 0, 0, 3, 0) (44) (3, 4, 6, 6, 3, 0, 0, 3, 0) (45) (2, 3, 3, 1, 5, 2, 0, 2, 0) (46) (3, 4, 3, 3, 3, 3, 3, 3, 0) (47) (3, 6, 3, 1, 6, 3, 0, 3, 0) (48) (4, 5, 8, 8, 4, 1, 1, 4, 0) (49) (2, 4, 2, 1, 2, 0, 0, 2, 3) (50) (4, 5, 5, 5, 4, 4, 4, 4, 0) (51) (2, 3, 3, 2, 2, 0, 0, 2, 0) (52) (3, 7, 5, 1, 3, 1, 1, 3, 0) (53) (4, 6, 4, 3, 4, 2, 1, 4, 0) (54)
Proof: Proof of (43) 
To see this, verify the following 7-variable identity by expanding into entropies and canceling: 
Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (*S) are erased and the "=" is replaced by "≤", then we obtain a 7-variable Shannon-type inequality. By the Copy Lemma, we may choose ST such that ST is a Rcopy of CD over AB. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
With (59) verified, we now continue with the proof of (43). By expanding mutual informations into entropies and cancelling terms, one can verify the following 5-variable identity: 
The expression in brackets "[]" marked (L) is nonnegative by Lemma 11.1. Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 5-variable Shannon-type inequality. By the Copy Lemma, we may choose R such that R is a D-copy of C over AB. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1). This finishes the proof of (43).
Proof of (44):
The proof of each of the remaining inequalities has the same form as the proof of (43). Therefore, we will gradually take more and more shortcuts. For each inequality there are two equations. The first equation proves a lemma, and the second proves the inequality. Each line marked with (S), (L), (C1), or (C2) can be ignored because it is a Shannon inequality, an instance of the lemma, or it follows from (C1) or (C2) resp. The inequalities are then formed by ignoring these lines and turning the "=" sign into a "≤" sign.
We now give an outline of the proof of (44) 
where T is a CDS-copy of R over AB. Then,
3I(A; B)
where RS is a copy of BD over AC. This finishes the proof of (44).
Shortened Proof of (44): In the proof of the above lemma there are some lines marked (S). These lines make up a Shannon inequality. On the other side of the equation, there is a line marked (C2). Except for the coefficient, this comes directly from the Copy Lemma (Lemma 2). Finally, there are some lines marked (C1). These lines are zero by the Copy Lemma, and are easily deduced from the rest of the equation. We will now rewrite the proof in a more abbreviated form: Similarly, the main proof of inequality (44) and a (C2) term 10I(RS; CD|AB).
Abbreviated Proof of (47): ¿From here on the proofs will be further abbreviated. We begin with an abbreviation of the above proof. T: CDRS-copy of (DR) THREE COPY STEPS In this section we will continue the list of inequalities that involve three copy variables. The inequalities in this section will also involve three copy steps, and hence two lemmas. We will give the first one in full detail and then, as before, we will quickly turn to abbreviated versions of the proofs.
Theorem 7:
The following is an information inequality
for each of the following values of (a, b, c, d, e, f, g, h, i). (3, 4, 9, 3, 6, 3, 0, 3, 0) (60) (3, 7, 4, 1, 4, 1, 0, 3, 0) (61) (3, 4, 6, 4, 4, 1, 0, 3, 0) (62) (4, 5, 17, 6, 6, 7, 0, 4, 0) (63) (4, 5, 17, 13, 6, 2, 0, 4, 0) (64) (3, 4, 7, 5, 3, 1, 0, 3, 0) (65) (6, 8, 9, 9, 6, 10, 1, 6, 0) (66) (6, 13, 20, 2, 9, 3, 0, 6, 0) (67) (4, 10, 15, 1, 4, 2, 2, 4, 0) (68) (4, 6, 11, 3, 6, 2, 0, 4, 0) (69) (3, 6, 6, 1, 5, 4, 0, 3, 0) (70) (3, 6, 8, 1, 3, 2, 2, 3, 0) (71) (4, 5, 6, 6, 4, 2, 2, 4, 0) (72) (3, 8, 6, 1, 3, 1, 0, 3, 0) (73) (4, 14, 10, 1, 6, 2, 0, 4, 0) (74) (3, 4, 4, 3, 3, 4, 2, 3, 0) (75) (4, 13, 9, 1, 7, 3, 0, 4, 0) (76) (6, 8, 16, 7, 6, 3, 3, 6, 0) 
Proof: Proof of (60): We first show the following 6-variable information inequality: 
To see this, verify the following 7-variable identity by expanding into entropies and canceling:
I(A; B)
Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 7-variable Shannon-type inequality. By the Copy Lemma, we may choose T such that T is a C-copy of A over BDRS. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
With (78) verified, we next show the following 5-variable information inequality:
To see this, verify the following 6-variable identity by expanding into entropies and canceling: 
The expression in brackets marked with (L1) is nonnegative by (78). Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 6-variable Shannon-type inequality. By the Copy Lemma, we may choose S such that S is a C-copy of A over BDR. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
With (79) verified, we now continue with the proof of (60). By expanding mutual informations into entropies and cancelling terms, one can verify the following 5-variable identity:
The expression in brackets "[]" marked (L) is nonnegative by Lemma 11.1. Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 5-variable Shannon-type inequality. By the Copy Lemma, we may choose R such that R is a D-copy of C over AB. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1). This finishes the proof of (43). The expression in brackets marked with (L2) is nonnegative by (79). Each of the terms in the lines marked (S) is a conditional mutual information and is therefore nonnegative. Thus, if the terms marked (S) are erased and the "=" is replaced by "≤", then we obtain a 5-variable Shannon-type inequality. By the Copy Lemma, we may choose R such that R is a D-copy of A over BC. Then the term marked (C2) is zero by condition (C2), and each of the terms marked (C1) equals zero by condition (C1).
Abbreviated Proof of (60):
We immediately give the abbreviated proof of the same inequality, using the same abbreviations as in the last section, the main difference being that this time there are two lemmas used in the proof.
T 
VIII. INEQUALITIES USING FOUR COPY VARIABLES WITH
AT MOST THREE COPY STEPS In this section we list the inequalities that can be derived from this method using at most four auxiliary variables and at most three instances of the Copy Lemma. Therefore, for the sake of completeness, this list includes those found in previous sections. Each entry in the following list begins with a list of nine integers. These integers represent the coefficients a, b, c, d, e, f, g, h, i for the non-Shannon inequality of the form Here we have interpreted Matus' variables ξ 1 , ξ 2 , ξ 3 , ξ 4 as D, C, B, A respectively. Note that in the case s = 0 this is just the Shannon inequality 0 ≤ I(B; C|A). If s = 1 we get the Zhang-Yeung inequality. When s = 2 this is Inequality (37). But when s = 3 the resulting inequality does not appear previously in this paper. Each inequality in this list can be proved using the Copy Lemma method, but the number of copies goes to ∞ as s → ∞. Matus used this list in a clever way to show that Γ * 4 is not polyhedral. In this section we will introduce another method of quickly generating inequalities. Rather than listing them using an index s, we will use a more general approach which we call Extension Rules. An Extension Rule turns one inequality of a certain type into another of the same type. As an example, consider our first Extension Rule.
Rule [ + jI(C; D|B).
Notice that the premise inequality differs from the general form given in Section VIII in two ways. First, an additional term jI(C; D|B) has been added. This of course, is not necessary since the coefficient j could be set to zero. In other words, this term is only included because it can be and it is not known whether it is ever useful. Secondly, notice that the coefficient of I(A; B|D) on the right matches the coefficient of I(A; B) on the left. This is the only restriction (assuming it is of the general form) needed to apply this rule. Notice also that the conclusion inequality also satisfies this same restriction, allowing us to iterate this rule indefinitely.
To see why this rule generalizes the Matus list (80), start with the Shannon inequality 0 ≤ I(B; C|A) and iterate the rule indefinitely.
Notice also that there are many other inequalities in Section VIII that satisfy the special condition of the coefficients and can therefore be iterated using this rule.
We will now give an outline of the proof of Rule [1] and then give several other similar rules. We observe that None of the rules discovered so far generalize the second infinite list of inequalities given by Matus: 
Proof Outline for Rule 1:
The procedure for proving Rule [1] is similar to that in preceding sections. Given a collection of already-known inequalities, one can perform a polytope computation to produce a set of extreme rays. Each of these extreme rays can be tested against one or more copy specifications; if such a test results in a contradiction, then a new inequality can be deduced. The difference here is that, when testing an extreme ray against a copy specification, one can use instances of previously-obtained inequalities, involving both the given random variables and the copy variables, in an attempt to reach a contradiction.
For example, suppose we take the Zhang-Yeung inequality as known, and produce the list of extreme rays (see (36)). We now consider the copy specification "R is a D-copy of A over BC". Using the equations represented by this copy specification, the Shannon inequalities on variables A, B, C, D, R, and the instances of the Zhang-Yeung inequality obtained by substituting in combinations of these five variables, one finds that some of the listed extreme rays are not attainable. This leads to additional inequalities, such as: This inequality could be obtained purely using copy variables (and Shannon inequalities); in fact, it is one of the six inequalities we obtained in Section V using two copy variables. This is not surprising, because further investigation shows that the process of obtaining this inequality here used only one instance of Zhang-Yeung, namely:
I(AR; BR) ≤ 2I(AR; BR|CR) (83) + I(AR; CR|BR) + I(BR; CR|AR) + I(AR; BR|D) + I(CR; D).
It only takes one additional copy variable to prove (83) directly, so two copy variables in all suffice to prove (82).
But further information can be extracted from the proof of (82) which will allow us to get a substantially more general result. First, we find that the proof of (82) from (83) Now that we have divided (84) into these pieces, we can reassemble the pieces with different coefficients to get a more general rule for deducing inequalities from old ones. By putting arbitrary nonnegative coefficients a, b, c, d, h on the five inequalities above, instead of the coefficients 1, 2, 1, 1, 1 used to get (84), we get: the inequality 
+ (a + d)I(A; B|D) + (d + h)I(C; D)
is also an information inequality. It turns out that we can increase its applicability by adding a few more pieces to the list needed for (84). Namely, we use the fact that the inequalities are provable from "R is a D-copy of A over BC" and the Shannon inequalities. Using these additional pieces, we can extend the above rule to the form Rule [1] . Now the premise inequality (assuming it is of the general form we have seen earlier) needs to meet only one restriction: the coefficient of I(A;B-D) on the right must match the coefficient of I(A;B) on the left. (We tried to find another piece which would remove this restriction, but did not find a suitable one.)
We now list the other extension rules that have been found, where much of the above process has been summarized succinctly. Each of the lower case letters in these rules is assumed to be a nonnegative real number.
Rule [ Get:
Using: R is copy of A over BC Get:
≤ (a + h ′ + 2z)I(A; B|C)
Using: R is copy of C over AB Get:
Using: R is copy of C over AB 
I(A; C|B)
Using: R is copy of C over AB Get: 
(a + a ′ )I(A; B)
Using: R is copy of C over AB Substitutions:
aI(A; B) ≤ aI(A; B|C) + cI(A; C|B) (a + a ′ + w)I(A; B) 
(a + a ′ + z)I(A; B)
Get:
I(A; B|C)
+ (a + c + e + f + e ′ + j ′ + 2x + z)I(A; B|D)
Using: RS is copy of CD over AB Get:
Using: RS is copy of CD over AB 
(a + a ′ + w + z)I(A; B) 
Get: 
+ (e + w + b ′ )I(A; B|D)
Using: RS is copy of CD over AB Substitutions: AD BD DR DS; AC BC CR CS 
Using: RS is copy of CD over AB Substitutions: AD BD DR DS; A B C DR Rule [37] Given:
+ cI(A; C|B) + dI(B; C|A) 
+ e ′ I(A; B|D) + f ′ I(A; D|B)
Using: RS is copy of CD over AB Substitutions: A C R S; AD B R S
X. CONNECTION WITH INEQUALITIES OF XU, WANG, AND SUN
Another, very similar, method that automatically generates non-Shannon inequalities was presented by Xu, Wang, and Sun [10] . As an example of their method, they give four new inequalities and also a separate infinite list of inequalities.
The new inequalities given [10] , Section V, are summarized in the following two theorems. The first theorem has four inequalities that were presented as examples of their method in Sections V.A and V.B of [10] . In order to connect these with the present work, we have relabeled their variables ξ 1 , ξ 2 , ξ 3 , ξ 4 as B, C, A, D in the first three of these inequalities and as A, B, C, D in the fourth. The inequalities are then rewritten in the form of Theorem 6. It should be emphasized that these inequalities were intended only as examples of their method and should not be considered complete or exhaustive. In the second theorem below we present their infinite list of inequalities from Section V.C of of [10] . The variables ξ 1 , ξ 2 , ξ 3 , ξ 4 are again relabeled as A, B, C, D and the inequalities are rewritten to match Theorem 6.
Theorem 8 (Xu, Wang, Sun) : The following is an information inequality aI(A; B) ≤ bI(A; B|C) + cI(A; C|B) + dI(B; C|A) + eI(A; B|D) + f I(A; D|B) + gI(B; D|A)
for each of the following values of (a, b, c, d, e, f, g, h, i) . (8, 12, 33, 10, 8, 15, 1, 8, 0) (85) (5, 7, 20, 5, 6, 9, 1, 5, 0) (86) (4, 5, 17, 6, 6, 7, 0, 4, 0) (87) (3, 4, 6, 6, 3, 1, 1, 3, 0) 
Theorem 9 (Xu, Wang, Sun) : For each positive integer s, the following is an information inequality 
In this section we will show how to derive the inequalities of Xu, Wang, and Sun by adding together linear combinations of inequalities from the present work. This will usually result in stronger versions of these inequalities.
To begin, first note that Inequality (87) is identical to (63). It does not appear in the list given in Section VIII because it has been superseded. We also note that Inequality (88) is a weaker form of (3, 4, 4, 4, 3, 1, 1, 3, 0) (43), which has also been superseded. To get Inequality (85), we add together the previous inequalities (3, 4, 6, 6, 3, 0, 0, 3, 0) (45) (4, 6, 4, 3, 4, 2, 1, 4, 0) (54) (2, 4, 1, 2, 2, 3 , 0, 2, 0)(1/2) (57).
This gives us the inequality (8, 12, 21/2, 10, 8, 7/2, 1, 8, 0) 
which is an improvement of (85).
To get Inequality (86), we first switch the variables C and D in the inequality (3, 7, 5, 1, 3, 1, 1, 3, 0) ( 53) to obtain the inequality (3, 3, 1, 1, 7, 5, 1, 3, 0) 
Then combining the inequalities (3, 4, 6, 6, 3, 0, 0, 3, 0) (20) (45) (4, 5, 8, 8, 4, 1, 1, 4, 0) (2) (49) (3, 3, 1, 1, 7, 5, 1, 3, 0) (14) (89) (4, 6, 4, 3, 4, 2, 1, 4, 0) (40) (54) (2, 4, 1, 2, 2, 3, 0, 2, 0) (5) ( 57) and dividing by 56, we get the inequality (5, 7, 45/8, 5, 6, 167/56, 1, 5, 0) (45) which is an improvement of (86).
To derive the infinite list of inequalities given in Theorem 9, we will actually derive a stronger list.
Theorem 10: For each positive integer s, the following is an information inequality Then apply Rule [6] from Section IX with the substitutions
to get the inequality for the case s + 1. To see why this improves Theorem 9 note that in that theorem, the coefficients c 1 and c 2 follow the pattern: 1, 3, 8, 20, 48 , . . . 1, 4, 12, 32, . . . respectively, the right side of the inequality in Theorem 9 is strictly larger (for s > 1) than the right side of the inequality from Theorem 10. We note that for s = 1 both lists yield the Shannon inequality 0 ≤ I(A; B|C). For s = 2 both lists yield the Zhang-Yeung inequality. For s = 3 Theorem 9 yields Inequality (88) while Theorem 10 yields the stronger Inequality (43).
XI. STRUCTURE OFΓ * 4
complete in the sense that the space they define is exactly Γ 4 (see [11] ).
This space Γ 
We will refer to this reduced space as the Ingleton region and denote it by I 4 .
The Ingleton inequalities are not information inequalities as defined in this paper; they are not valid for all entropy vectors. Their intended application, which is the study of linear ranks, does not concern us here. Nevertheless as we will see below, the Ingleton region is very important in the structure of entropy space. For one thing, every vertex of I 4 has been shown to be an entropy vector for an actual probability distribution. It follows by convexity that I 4 ⊆Γ each have six permuted forms, and each pyramid contains exactly one such pair.
The non-Shannon inequalities give us additional outer bounds forΓ * 4 . Together, they gradually chip away each of the pyramids. We will often consider these inequalities in groups according to how many auxiliary variables are used. Thus, the region formed by the Shannon inequalities will be referred to as "0 copies". When we add the Zhang-Yeung inequality the corresponding outer-bound region will be referred to as "1 copy". Similarly, when the inequalities from Section V are added we get the region of "2 copies", when the inequalities from Section VI are added we get the region of "3 copies", and adding the inequalities from Section VII give us the region of "3.5 copies". The more inequalities we add, the more complicated the outer-bound region seems to become. Here we show how the number of inequalities (faces) and the number of vertices in the normalized outer bound grows with the number of copy steps. copies faces vertices 0 [Shannon] 28 41 1 [Zhang-Yeung] Of course, we do not know how much progress we are making without knowing the goal, which is the proportion of each pyramid taken up byΓ * N 4 . Although this volume is unknown, we can get lower bounds. All we have to do is find many probability distributions of four random variables, compute their joint entropies, obtain the corresponding elements of R 14 and then compute the volume of the convex hull of these points. The problem with this technique is that computationally, we can only handle relatively few points.
Nevertheless, using this technique with eight points (not necessarily the best eight points) we determine that the inner volume ofΓ * 4 is at least 53.4815 percent of each pyramid. It is clear that according to this measure, there is still quite a gap to fill, with room for improvement in both inner and outer bounds .
Perhaps one of the most interesting entropy vectors is the one that yields the worst violation of Ingleton's inequality (91).
Definition 3:
Given a probability distribution, we define the Ingleton score of the distribution to be the value of Evidence for this conjecture comes from hill-climbs. Using Newton's method, we climb from random starting distributions using alphabet sizes from 2 to 10. We gradually make changes to the distribution in order to decrease the Ingleton score. The most successful climbs, i.e. the climbs that result in the lowest score, always tend to the four-atom distribution given in the conjecture, some permutation of it, or a direct product of independent copies of such distributions. In other words, we easily find the score −.089373 over and over again, but never beat it.
This suggests another way of measuring progress by how close we come to proving the Four-Atom conjecture. Given any outer-bound region, we can consider the lowest Ingleton score allowed in the region. Progress toward the Four-Atom Conjecture is given in the following table: copies minimum Ingleton score 0 [Shannon] -1/4 ≈ -.25000 1 [Zhang-Yeung] -1/6≈ -.16667
Again, progress toward the conjectured goal of -.089373 seems slow. In fact, even if we combine all the non-Shannon inequalities in this paper, it is still not enough to prove the four-atom conjecture and it is likely that some new techniques will be necessary to settle it.
We now present a third way of measuring progress of the non-Shannon inequalities. Unlike the previous two methods, this method makes explicit use of the infinite lists of inequalities from Section IX. We begin with some definitions.
Definition 4: Let P be a polytope in R n , let L be an affine function of n-variables such that for each point x in P , L(x) ≥ 0. Then the set of points in P satisfying L(x) = 0 is called an extreme segment of P . Thus, the vertices of P are the extreme points of P , the edges of P are the extreme line segments of P , etc.
Definition 5: Let P be a polytope in R n and let 0 ≤ m ≤ n. Then the m-skeleton of P is the union of all of the extreme m-dimensional segments of P .
Definition 6: Let P be a polytope in R n , let 0 ≤ m ≤ n, and let S be a subset of P . Then the m-core of S in P is the convex hull of the intersection of S with the m-skeleton of P .
It is easy to see from the Zhang-Yeung inequality that I 4 is the 0-core ofΓ * 4 in Γ 4 . First of all, the polytope I 4 is a subset of bothΓ * 4 and Γ 4 , so we only need to show thatΓ * 4 does not contain any vertices of Γ 4 that lie outside of I 4 . Outside of I 4 the only vertices of Γ 4 are the tops of the pyramids. But these tops fail one of the permuted forms of the Zhang-Yeung inequality. For example, the top of the pyramid give by (93) fails the inequality of Theorem 3.
We will now use the Zhang-Yeung inequality to show that I 4 is also the 1-core ofΓ * 4 in Γ 4 . Then we will use the infinite families of inequalities to prove the stronger result that it is also the 3-core. So the Ingleton region, aside from its applications to linear ranks, is a natural part of the geometry of entropy space.
Theorem 11 
Subtracting the two, we get the inequality 0 ≤ I(A; B|C) + I(A; C|B) + I(B; C|A) which must be satisfied by any point on the base of the pyramid, since the Ingleton equation (92) is satisfied by such points. Also, if any base point has a zero value for all of the terms I(A; B|C), I(A; C|B), I(B; C|A)
Then it satisfies the Zhang-Yeung inequality non-strictly (as an equation). We now consider an extreme line segment connecting a two vertices of Γ 4 , one of them being the top of the pyramid. Since this is the only vertex of Γ 4 that fails the Ingleton inequality, the other vertex satisfies the Ingleton inequality. Therefore, at some point on this segment, the Ingleton equation is satisfied. We will call this the base point of the segment.
There are thirteen Shannon equations satisfied by all of the points on this segment. Since the top of the pyramid is defined by the fourteen Shannon faces of the pyramid, the thirteen Shannon equations satisfied by the line segment must be included in this group of fourteen. Therefore, all points on the line segment are either zero on all three of the terms above, or on all three of the terms with C, D interchanged, I(A; B|D), I(A; D|B), I(B; D|A) , since these represent six of the fourteen Shannon faces. Therefore, the base point of this line segment either satisfies the Zhang-Yeung equation or the Zhang-Yeung equation with C, D interchanged. On the other hand, it is easy to check that the top of the pyramid (93) fails both the Zhang-Yeung inequality, and the same inequality with C, D interchanged. By linearity, one of the two Zhang-Yeung inequalities must fail everywhere on the part of the line segment where the Ingleton inequality fails. Therefore the intersection ofΓ * 4 with the 0-skeleton of Γ 4 lies entirely in I 4 .
We will now prove a stronger result using a similar technique, and making use of the infinite families of inequalities.
Theorem 12: The 3-core ofΓ * 4 in Γ 4 is I 4 . Proof: As in the previous proof, we need to show that no point ofΓ * 4 \ I 4 is in the 3-skeleton of Γ 4 . We suppose there is such a point and call it x. Then x lies on a three dimensional extreme segment that includes at least four vertices of Γ 4 , one of which we may assume is the top of the pyramid and is the only one that fails the Ingleton inequality. The segment is defined by eleven Shannon faces, and since the segment includes the top of the pyramid, these eleven faces must be among the fourteen Shannon faces of the pyramid.
Suppose first that the eleven faces includes the two faces
Then consider the first Matus family of inequalities (80) sI ( and the value of the right side tends to zero with large values of s. By linearity, the value of the right side of the reduced inequality at x must become negative for sufficiently large s, so the information inequality is false. Therefore, the eleven defining faces of the segment cannot include both I(A; B|C) and I(A; C|B).
A similar argument with A and B interchanged tells us that the eleven faces cannot include both I(A; B|C) and I(B; C|A).
Next, suppose that the eleven faces of our segment includes the two faces We conclude, as before, that the inequality becomes false at x for sufficiently large values of s. Therefore, the eleven defining faces of our segment cannot include both I(A; C|B) and I(B; C|A). Summarizing the work so far, we see that the eleven faces cannot include any two of the three faces But only three of the fourteen Shannon faces are excluded, so this is a contradiction.
Future inequalities may be able to improve this further, perhaps showing that I 4 is the 4-core ofΓ * 4 in Γ 4 , etc. But it can't go beyond the 5-core since the four-atom point lies on eight of the fourteen Shannon faces.
XII. APPLICATION OF NON-SHANNON INFORMATION INEQUALITIES TO NETWORK CODING
One application of non-Shannon information inequalities is in the field of network coding. In network coding, a subset of network nodes called sources generate messages and a subset of network nodes called receivers need to acquire the source messages. The messages can propagate through the network but need not travel as in packet-switched routing. Rather, network "coding" allows every out-edge of a node to be an arbitrary function of the information carried on the node's inedges.
In this section, a network is a finite, directed, acyclic multigraph together with a finite set called the message set. An alphabet is a finite set A with at least two elements. Two special subsets of nodes of the network are called sources and receiver, respectively. The sources generate messages and the receivers need to obtain certain source messages (namely those messages that the receiver demands).
Let k and n be positive integers, called the source dimension and the edge capacity, respectively. For every network edge e = (x, y) an edge function f e puts an n-dimensional vector of alphabet symbols on e; the vector's value is a function of the n-dimensional vectors carried on the in-edges of node x and the k-dimensional source vectors produced at x. Similarly, for every receiver node x and every network message m demanded by x, a decoding function f x,m produces a kdimensional vector as a function of the in-edge and source values at x.
Given an alphabet A, a (k, n) code for a network is an assignment of edge functions and decoding functions to the network's edges and receivers, respectively.
A (k, n) network code is said to be a (k, n) solution if every receiver can recover each of the messages it demands (i.e. via it's decoding functions).
Special codes of interest include linear codes, where the edge functions and decoding functions are linear, and routing codes, where the edge functions and decoding functions simply copy input components to output components.
If a network has a (k, n) solution over some alphabet, then we say the ratio k/n is an achievable coding rate for the network.
The coding capacity of a network is sup{k/n : ∃ (k, n) coding solution over A}.
If (k, n) coding solutions are restricted to linear codes (over some finite field, for example) or routing codes, then the capacity is called the linear capacity or routing capacity, respectively.
Computing the network coding capacity of networks, or at least accurately approximating or bounding the capacity is a fundamental problem in network coding. No general method for computing network capacity is presently known, so attention is focused on bounding techniques. Lower bounds are generally obtained by exhibiting specific solutions for a network. Upper bounds can sometimes be obtained by assuming the source messages are random variables and then using standard information inequalities.
Specifically, in [3] , the Zhang-Yeung inequality (our Theorem 1) was used to derive an upper bound on the coding capacity of the Vámos network (see Figure 1) . The Vámos network is a network constructed from the well-known Vámos matroid and is of interest as it is presently the only known network for which non-Shannon information inequalities have improved capacity bound calculations.
The capacity upper bound derived in [3] was 10/11 and was shown to be strictly smaller than the smallest possible upper bound (i.e. 1) obtainable directly from Shannon-type information inequalities. The Vámos network thus illustrates a potential for improvement in capacity calculations using nonShannon-type inequalities over Shannon-type ineqaulities.
It was also shown in [3] that the linear coding capacity of the Vámos network over every finite field is exactly equal to 5/6, which is presently the best known lower bound on the (possibly non-linear) coding capacity of the Vámos network. 
If the inequalities a 2 ≥ a 1 + a 7 a 4 + a 7 ≥ a 10 (120) are satisfied, then the inequality (119) directly leads to a Vámos coding capacity region bound, by neglecting the (nonnegative) terms involving I(c; y) and I(b; x). Specifically, in this case, by substituting 
which is equivalent to inequality (52) (by exchanging the roles of A and B in in Theorem 6). Using (118) and (122), we see that both of the inequalities in (120) hold and therefore we substitute a 1 = a 3 = a 5 = a 8 = 2 a 2 = a 4 = 3 a 6 = a 7 = a 9 = a 10 = 0 into (121) and obtain k/n ≤ 19/21.
XIII. CONCLUSION In this article, we have presented a lengthy list of nonShannon type inequalities. This is a continuation of work started by Zhang and Yeung and roughly follows their approach. We have seen that many of the inequalities, including the original Zhang-Yeung inequality have been superseded by stronger ones. Almost certainly, many more of the inequalities that have been presented here will also be superseded by future work in this area. To our knowledge, no one has ever given a non-Shannon inequality and proved that it will not be superseded by others. This would certainly be an interesting challenge for future research.
Although each inequality found gives more information about the shape of entropy space, and each one is at least theoretically useful in a network information flow problem, it seems unlikely that endlessly producing new inequalities will be fruitful in itself. These inequalities are presented with the hope that it may be possible to study the list as a whole, in order to gain further insights that will enable doing more than just endlessly extending the list.
Along these lines, perhaps the most striking feature of list of the inequalities listed is their special form. Indeed every inequality produced has the form and vary from each other only by the choice of the coefficients a, b, c, d, e, f, g, h, i. There seems to be no obvious reason for this form. Indeed, there were a few inequalities that were found and were not of this form. But each of these nonconforming inequalities was superseded by other inequalities or was reduced to the special form under tightening. Explaining this special form might be a first step in gaining a deeper understanding of the inequalities. Another direction to pursue is to find patterns among the inequalities and/or their proofs. Identifying such patterns may allow us to continue the patterns indefinitely. Along these lines, we have identified several "rules" that allow us to generate new inequalities from old ones. Application of these rules quickly yields infinite families of inequalities similar to those found by Matus [8] . Families of inequalities have already given valuable insight into the structure of entropy space and were instrumental in Matus' proof that entropy space is not a polytope (or polytopal cone). To our knowledge, no one has yet been able to show whether or not entropy space is curved. This would certainly be a valuable contribution toward understanding this space.
Finally, the techniques used in this paper seem limited and do not seem like they will be strong enough to settle the four atom conjecture. We believe therefore, that some new techniques for finding non-Shannon inequalities will be vital for gaining a more complete understanding of entropy space.
